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1. INTRODUCTION

Kostyrko et al. [15] and Nuray and Ruckle [18] independently studied in details

about the notion of ideal convergence which is based on the structure of the admis-
sible ideal I of subsets of natural numbers N. Later on it was further investigated by
many authors, e.g. Salat et al [25], Hazarika and Mohiuddine [14], and references
therein.
Let S be a non-empty set. Then a non empty class I C P(S) is said to be an ideal
on S if and only if (i) ¢ € I. (ii) I is additive under union (iii) hereditary. An ideal
I C P(S) is said to be non trivial if I # ¢ and S ¢ I. A non-empty family of sets
F C P(S) is said to be a filter on S if and only if (i) ¢ ¢ F (i) for each A,B € F
we have AN B € F (iii) for each A € F and B D A, implies B € F. For each ideal
I, there is a filter F(I) corresponding to [ i.e. F(I) = {K C S : K¢ € I}, where
K¢ =5 — K. We say that a non-trivial ideal I C P(S) is (i) an admissible ideal on S
if and only if it contains all singletons, i.e. if it contains {{z} : z € S} (ii) mazimal,
if there cannot exists any non-trivial ideal J # I containing I as a subset (iii) is
said to be a translation invariant ideal if {k +1:k € A} € I, for any A € I. Recall
that a sequence z = (z) of points in R is said to be I-convergent to the number ¢
(denoted by I-limzy = ¢) if for every € > 0, the set {k € N,: |z — (| > ¢} € I.

The idea of rough convergence was first introduced by Phu [20, 21, 22| in finite
dimensional normed spaces. He showed that the set LIM; is bounded, closed and
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convex; and he introduced the notion of rough Cauchy sequence. He also investi-
gated the relations between rough convergence and other convergence types and the
dependence of LIM on the roughness of degree r. Aytar [1] studied of rough statis-
tical convergence and defined the set of rough statistical limit points of a sequence
and obtained to statistical convergence criteria associated with this set and prove
that this set is closed and convex. Also, Aytar [2] studied that the r—limit set of
the sequence is equal to intersection of these sets and that r—core of the sequence is
equal to the union of these sets. Diindar and Cakan [6] investigated of rough ideal
convergence and defined the set of rough ideal limit points of a sequence. Diindar [§]
introduced rough ideal convergence for double sequences. In [24], Sahiner and Tri-
pathy introduced the notion of I—convergence of a triple sequences, which is based
on the structure of the ideal I of subsets of N x N x N, where N is the set of all natu-
ral numbers, is a natural generalization of the notion of convergence and statistical
convergence. The different types of notions of triple sequence was introduced and
investigated by Sahiner et al. [23]. Later on further studied by Esi [9, 13] , Esi and
Catalbas [10], Esi and Savas [11], Esi et al. [12], Dutta et al. [4], Debnath et al. [5],
Malik and Maity [16], Pal et al. [19], Savas and Esi [26], Tripathy and Goswami [29]
and many others.

Given an increasing function ¢ : N — (0, 00) with nll»nolo ¢(n) = oo, Niculescu and

Prajitura [17] define the upper density of weight ¢ by the formula

7 : l[ANTL,n]|
dg(A) = limsup —————,
¢(A) = lim sup o)
where A C N, and |.| denote the cardinality of a set.
Let w = {0,1,2,....}, and a function g : w — [0,00), where li_)m g(n) = oo, and
n—oo

ﬁ - 0 as n — oco. Denote G the set of all such functions g. Balcerzak et al. [3]
define the upper density of weight g by the formula

Jg(A) = lim sup M

n—00 g(n)

for A C w.

Consider the family Z, = {A C w: dy(A) = 0}. Obviously Z, is an ideal of w.
Based on this idea, recently Savas [27] introduced I -statistical convergence of weight
g for real sequence and proved some interesting results.

In this paper we investigate some basic properties of rough wighted I—convergence
of a triple sequence of Bernstein polynomials in three dimensional cases which are
not earlier. We study the set of all rough wighted I—limits of a triple sequence of
Bernstein polynomials and also the relation between analyticness and rough wighted
I—convergence of a triple sequence of Bernstein polynomials.

Let U be a subset of the set of positive integers N x N x N and let us denote
the set Ujge = {(m,n, k) € U :m >i,n < j,k <£}. Then the natural density of U
is given by

6 (U) = lim Zul

ijl—o0

where |Ujj¢| denotes the number of elements in Ujjy.
In [28], Stancu introduced the polynomials of Bernstein type of two variables.
For a given continuous function f defined on D = [0, 1] x [0, 1] x [0, 1]. The Bernstein
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polynomials of three variables defined on C(D) by

m k

B:ank(f;l',y.,Z): Z

where

() = <7:> o (1 — gy
bns(y) = <Z> y* (1 —y)"°
and

cralz) = (’Z) A1 - )kt

Throughout the paper, R? denotes the real of three dimensional space with usual
metric. Consider a triple sequence of Bernstein polynomials (Bpuk (f; 2,9y, 2)) such
that (Bynk (f; 2,9, 2)) belong to R3, for m,n, k € N.

Let f be a continuous function defined on D. A triple sequence of Bernstein poly-
nomials (B (f;2,, 2)) is said to be statistically convergent to f(z,y,2) € R3,
written as st — lim Bk (f; 2,9, 2) = f(z,v, 2), provided that the set

Ue := {(m7n7k) eN3: |ank (f;zvyvz) —f(x,y,z)l > 5}

has natural density zero for any ¢ > 0. In this case, 0 is called the statistical limit
of the triple sequence of Bernstein polynomials. i.e., d3 (Uc) = 0. That is,

m L [{(m,n,k) < (r,8,t) | Bonk (fi 2,9, 2) — f2,y,2)] > €} = 0.

rst—o00

In this case, we write sts — lim By (f3 2,9, 2) = f (z,y,2) or Bk (52,9, 2) ta,

flzy,2).

Throughout the paper we denote x 4—the characteristic function of A € NxNxN.
A subset A of N x N x N is said to have asymptotic density d3 (A) if

I 4
d3(A)= lim ;7 3 > 3 xa(2).
ijl—oo U 21 i1 =1

A triple sequence (real or complex) can be defined as a function z : N x N x N —
R (C), where C denote the set of complex numbers.

2. DEFINITIONS AND PRELIMINARIES

Throughout the paper R? denotes the real three dimensional case with the metric.
Consider a triple sequence & = (Znk) such that z,,, € R3m,n, k € N. Also T is
an admissible ideal of 2. The following definition are obtained:

Definition 2.1. Let f be a continuous function defined on D. A triple sequence
of Bernstein polynomials (Bynk (f;,y,2)) is said to be statistically convergent to

f(z,y,z) denoted by Bk (f;2,y,2) s, f(z,y,2), provided that the set
{(m,n,k) € N | B (f52,9,2) — [ (2,y,2)| > €},
has natural density zero for every e > 0.

In this case, f(z,y,z) is called the statistical limit of the sequence of Berstein poly-
nomials.
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Definition 2.2. Let f be a continuous function defined on D. A triple sequence
of Bernstein polynomials (B, (f;,y,2)) in a metric space (R3,].,.]) and r be
a non-negative real number is said to be r—convergent to f(x,y,z), denoted by
Bk (f;2,y,2) = f(2,y,2), if for any e > 0 there exists N. € N such that for all
m,n,k > N, we have

| Bk (f32,y,2) — f(2,y,2)| <1 +e
In this case f(x,y,z) is called an r—limit of By (f; 2,9, 2).

Remark 2.3. We consider r—limit set of Bk (f;x,y,2) which is denoted by
LIME and is defined by

LIMp, = { o (f32,9,2) € RS Bt (f32,,2) > f (2,9,2) }

Definition 2.4. Let f be a continuous function defined on D. A triple sequence of
Bernstein polynomials (Bmnk (f;2,y,2)) is said to be r—convergent if LIM} # ¢
and r is called a rough convergence degree of Bk (f;x,y,2). If r = 0 then it is
ordinary convergence of triple sequence of Bernstein polynomials.

Definition 2.5. Let f be a continuous function defined on D. A triple sequence of
Bernstein polynomials ( Bk (f; 2,9y, 2)) in a metric space (R3, |, |) and r be a non-
negative real number is said to be r—statistically convergent to f (z,y, z), denoted by

Bk (f;2,y, 2) LN (z,y,2), if for any e > 0 we have d3 (A (¢)) = 0, where
A(e) = {(m,n, k) e Nx NXN: |Bpni (f;2,9,2) — f(2,9,2)| 27 + €}

In this case f (x,y,z) is called r—statistical limit of Bk (f;,y,2). If r =0 then

it is ordinary statistical convergent of triple sequence of Bernstein polynomials.

3. ROUGH I\—CONVERGENCE

Definition 3.1. Let f be a continuous function defined on D. A triple sequence

of Bernstein polynomials (Bpnk (f;2,y,2)) in a metric space (]R3, |,|) and r be
a non-negative real number, is said to be rough A-ideal convergent of weight g or
(r1y)?

(rI))9—convergent to f (z,y, z), denoted by By —— f (z,y,2), if for any e > 0
we have

{P7Q7j€N3 : g(+mj)|ank(f;$7y7z)_f(‘rvy7z)‘ 2T+€} el

In this case f (z,y, z) is called rI\—limit of (Bynk (f;2,y,2)) and a triple sequence
of Bernstein polynomials (Bynk (f;x,y,2)) is called rough I\—convergent weight g
to f (z,y, z) with r as roughness of degree. If r = 0 then it is ordinary I,— convergent
of weight g. We denote (rI))9 the set of all rough A-ideal convergent of weight g of
triple sequence of Bernstein polynomials.

Note 3.2. It is clear that rlf—limz't is not necessarily unique.

Definition 3.3. Consider rIf\’—limz't set of Bunk(f;x,y, z), which is denoted by

19— LIM" = 3. . (r1)9
A B f(xvyaz)ER 'ank(fvxvyaz)—>f(xayvz) )

then the triple sequence of Bernstein polynomials (Bpnk (f;2,y,2)) is said to be
rI\—convergent of weight g, if If\’ — LIMg # ¢ and r is called degree of rough
I,—convergence of weight g of Bk (f;2,y,2) .
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Let A = (Apg)
oo such that

prajEN be a non-decreasing sequence of positive numbers tending to
Apaj)+1 < Apgj + 1, A1 = 1.

The collection of such sequences A will be denoted by 7.

We define the generalized de la Valée-Poussin mean of weight g by

1
tqu (18) = 9(Apas) Z Tmnk-
(m,n,k)EIpq;

where Irst = [(pqj) — Apgj+1,p47] -
Definition 3.4. Let f be a continuous function defined on D. A triple sequence
of Bernstein polynomials (B (f;2,y,2)) is said to be [V, ] (I)? —summable to
f @y, 2), if
I- limqu tqu (ank: (f7 x,Y, Z)) = f (x7 Y, Z) .

i.e., for any e > 0,

{(,4,7) € N*: [tpgj (Bonk (f;2,9,2)) — f (2,y,2)| > e} €1
and it is denoted by [V, \] (I)Y.

Definition 3.5. et f be a continuous function defined on D. A triple sequence of
Bernstein polynomials (Bpmnk (f; 2,9, 2)) is said to be rough I\— statistically conver-
gent of weight g, if for every e >0 and § > 0 the set

{(pa q’j) € N3 : m |{(m7nak) € Iqu : |ank (f;-’E,y,Z) - .f (xvyvz)l Z r+ E}| Z 5}
belong to I. In this case we write (rS(Iy))? — lim Bk (f;2,y,2) = f (z,y, 2).
S(1y))?

Or Bk (f;wa Y, Z) M) f (wvya Z) .
Definition 3.6. Let f be a continuous function defined on D. A triple sequence
of Bernstein polynomials (Bpmuk (f;x,y, 2)) is said to be [V, N (rI)? —summable to
f(@,y,2), if for any e > 0,

{(pqu.]) € N3 : |tqu (ank (f;xvyv Z)) - f(xvyvz)‘ Z r + 6} € I
and it is denoted by [V, \] (rI)?.

Theorem 3.7. Let f be a continuous function defined on D. A triple sequence
of Bernstein polynomials of (Bumnk (f;2,y,2)) of real numbers and ¢1,92 € G be

such that there exist M > 0 and ug,vo,wy € N such that % < M for all
(P, q,4) > (uo, vo, wo) . Then (rS(I1y))* C (rS(I1)))* .

Proof. For any € > 0,

{(m,n, k) € Ipgj : |Bnk (f32,9,2) — f (2,9, 2)[ > 7 + €}
92 (Apgj)
_ 91 ) {(myn, k) € Lpgj = | Bk (f52,y,2) — f(2,y,2)| > 7 + €}
92 (Apgj) 91 (Apgs)
[{(m,n, k) € Ipg; : |Bunk (f52,y,2) — f(2,y,2)| > 7+ €}
91 ()‘qu)

<M
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for (p,q,j) > (ug,vo,wp) . Thus for any ¢ > 0,

{(p,q,j)ENg:mH(m,n,k) pq] |ank(.f,m Y,z ) f(mvyaz)\ZT'i‘E}\Z(s}

1
C D, qa] € N3 H s —
{( ) 91 (Apgj)

U {1727 e ,(UO,’UO,U}O)} .

{1 K) € D B ,3:2) — £ 2 = 74 6} > 77

If (Bpnk(f;m,9,2)) € (rS(Iy))%, then from the above result we get (rS(I,))"* C
(rS(Iy))%. O

Theorem 3.8. Let (Bynk (f;,y,2)) be a triple sequence of Bernstein polynomials
of real numbers. Then (rS(I))? C (rS(I)))?if liminf % > 0.
Pgj

Proof. Given that liminf % > 0, then we can find a M > 0 such that for
Pqj

i ar g(A )
sufficiently large (p,q,7), 7 (p’(’I‘IJJ) M.
(rS(1))¢
—_—

Suppose Bk (f52,y, 2) f(z,y,2), hence for every € > 0 and sufficiently

large (r,s,t),

L ({m,n,k) < (0,0,) B (F50,5,2) — £ (0,9,2)] > 7+ €}

9 (pgj)

- g(qu)'{(m’””“) s + | B (£5,9,2) — f (@,9,2)| 2 7+ )]

> M |{(m n, k) ptIJ |ank (f;x,y., Z) — f(x"y’ Z)| > 7‘+€}| )
Q(quj)

Then for any ¢ > 0,

{(pvqaj)Est |{(mnk) pQJ |ank(f7$7y7z)7f(x7y,z)‘ZT+€}|26}

g (/\qu )

{(p,qj) g(qu)l{( k) € Ipgj + | Bk (f3 0,9, 2) — f(fvvy,Z)IZTJre}leé}

€ I, since [ is admissible ideal

The result follows from the above inclusion. O

Theorem 3.9. Let (Buk (f,2)) be a triple sequence of Bernstein polynomials of

real numbers. If X € n be such that lim P9 "%ai — (. then (rS(In))? C (rS(I))7.
pgj  9Pai)
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: : s (P9)—Apgj _ \ 3
Proof. Let 6 > 0 be given. Since 2(11151 e = 0, so we can choose (u,v, w) € N

such that %ﬁ < 2 for all (p,q,7) > (u,v,w). Now for ¢ > 0 we have

g(%qu)H(m n k’) (pv(Ia ) |ank: (fym Y,z ) f(z,y,z)\ > r+€}|
_ 1 H(m n, k') (pvq -]) pq] |ank (f T ) f(x7y7z)| > T+€}|
(APQJ)
m |{(m n, k) P(IJ |ank (f;-’lf,y., z) — f(g;7y7 Z)| > +€}|

< (PQj ) - ./\qu + 1
g (pgj) 9 (Apgs)

|{(m n, k) PQJ |ank (f;x,y.,z)—f(x,y,z)l ZT+€}|

) 1
< §+m|{(m n, k) € Ipgj | Bink (f5 2,9, 2) — f (%,y,2)| > 7+ €}
for all (p,q,7) > (u,v,w).
Therefore
(p7Q7]) € N3: ! i I{(m n, k) (p7q .7) PfI] Iank (fv'r Y,z ) f(xvylz)‘ 2 T+€}‘ Z 5}
9(/\1711])
C {(p7Q7.]) GN : #H(m,n,k) S Iqu : |ank (f,x,y,Z) - f($7yyz)| Z T+E}| 2 é}
Q(pr) 2

u{(1,1,1),(2,2,2),(3,3,3) - -, (u,v,w)}.

Hence a triple sequence of Bernstein polynomials of By, (f;,y,2) is rough I-
statistically convergent of weight g to f (z,y, 2) . O

Theorem 3.10. Let (Bynk (f; 2,9, 2)) be a triple sequence of Bernstein polynomials
of real numbers, g1,g2 € G and let X = (Apgj) , it = (prst) be two sequences in n such
that Apgj < pipgs for all p,q,j € N if

i inf 2L000) (3.1)
pai - 92 (fipgs)

then (rS(I1,))%? c (rS(I)))"

Proof. Suppose that Apgj < ppgj for all (p, g, j) € N3 and let (3.1) be satisfied. Now
for given € > 0 we have

{(m,n, k) € Jqu : |B7nnk (.f;xvyv Z) - f ('T,yv Z)‘ >r+ 6}

2 {(m7 n, k) € Iqu : |ank (f;l',y,Z) - f(l',y72)| >r+ E} )

where Ipgj = [(pgj) — Apgj + 1, (pgj)] and Jpgj = [(pgi) — ppgj + 1, (pg5)] -
Therefore we have

1
—.|{(mvn7k) pq] |B7nnk (fam ya ) f(x,y’z)| Z 7"+6}|
92 (/quj)
)\ .
> 91 (i) (k) € Loy ¢ | B (F30,902) — F (@,9,2)] = 7+ ¢}

= 92 (kpgj) 92 (/\qu>

503
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for all p, q,j € N3. So, we get

{(pquj)eNgzmH(mvn?k) P‘IJ |ank(f7x Y,z ) f(xayvz)‘zr"_e}‘zls}g
{(pvq7j)eN3:;|{(mn k’-) (pvq .7) pq] |B7nn/€(f7 z,Y,z ) f(ﬂ?syvz)\ZT+€}
g2 (/\qu)
92 (/\qu)
Z g ) <
Hence (rS(1,))% C (rS(I1)))". O

Theorem 3.11. Let (Bynk (f,z)) be a triple sequence of Bernstein polynomials
of real numbers, if {Apg;j} € n. Then Bk (fi2,y,2) = f(x,y,2) [V, (rI)?
Bk (f;2,9,2) = f(x,y,2) (rS(I)))? and (I))? € [V, A\] (I)? for every ideal I.

Proof. Let € > 0 and Bk (f32,9,2) — f (2,y,2) [V, \] (rI)?, we have
Z Iank: (f;I,y,Z)*f(Z,y,Z)I

(mn,k)Elpq;

> Z |ank (f;ac.,y,z)—f(x,y.,z)l

(m,n,k)EIq;
| Brank (Fi.,2)— f (0,,2) | >r+e

Z (7‘+6) : |{(m,nk) € Iqu : |ank (f;xvyaz) - f(m,y,z)\ Z T+E}|'

Given ¢ > 0,
1
—l{(m/n/k) qu |ank (f,$ Y,z ) f($7y)z)‘ ZT+€}| 26
g()\qu)
1
B W |ank (f;l',y.,Z)—f(.'lf,y,ZM 255
9\ Apaj (mn,k)ETpq;

ie.,

{(p,q,ﬁew:m“(m,n,k) s+ o (F52,9.2) — f(z,y,z>\zr+e}|zé}

. 1
C{(p,q,])ENg’:m{( Z |ank(f§w7ysz)f(xvyvz)|}>65'}

mn,k)Elpq;

since Bk (f; 2,9, 2) = f (2,9, 2) [V, A] (rI)? and hence it follows that B,k (f;2,y,2) —
f(z,y,2) (rS(I)))? for proper ideal of I.

Now to prove that (rS(Iy))? € [V,A](r])?, take a fixed element V € I. A triple
sequence Bernstein polynomials defined by

(m,n, k) for (p,q,5) — [\/9 Npgi)] +1 < (m,n,k) < (p,q,5), (p,0,4) ¢V
Bk (f 1 2,y,2) = ¢ (myn, k) for (p,q,7) — Apgj + 1 < (myn, k) < (p,q,5), (p,q.4) €V
0 otherwise

for every e > 0(0 < e < 1), since

VIOwai)
0oy H{(m k) € gy < | B (F12,9,2)] > 7+ e} = [WV:# = 0aspgj—
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oo and (p,q,j) ¢ V, for every 6 > 0,

. 3 . 1
{m%”EN'w»m

cVu{(1,1,1),(2,2,2),(3,3,3) -, (u,v,w)} for some (u,v,w) e N3,

Since I is admissible of weight g, it follows that Bk (f;2,v,2) — 0(rS(Iy))?.
Hence

g()\i{”’) Z |ank(f7$7yvz)| %OO&Sp,q,j—)OO
(mn,k)EIpg;

i.e Bunk (f;2,y,2) A OV, (rI)?, if V € I is infinite then B (f;2,y,2) /A
0 (rS(Iy))?. O
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